Abstract: We argue that the occurrence of late-time acceleration can conveniently be described by first-order general relativity covariantly coupled to fermions. Dark energy arises as a gravitationally driven BCS condensate of fermions which forms in the early universe. At late times, the gap and chemical potential evolve to have an equation of state with effective negative pressure, thus naturally leading to acceleration.
Introduction
Current cosmological observations point to a universe dominated by a negativepressure fluid component, dubbed dark energy, whose origin is unknown. If the equation of state of this fluid does not evolve and is w = p/ρ = −1, then dark energy is a cosmological constant. In this case, observations give a value of the cosmological constant that is 120 orders of magnitude smaller than the theoretically expected evaluation. We still lack a convincing way of understanding this issue. As a result, an approach towards making progress is to assume that the cosmological constant/dark energy stem from some new physics.
1
Ever since the observational evidence of late-time acceleration, model builders have sought to find a candidate for dark energy. However, this task is daunting as it is hard to identify an existing degree of freedom in the standard model or general relativity that (i) has negative pressure, (ii) is homogeneous on horizon scales and (iii) matches the observed energy scale. This initially led to quintessence models where a new fundamental scalar degree of freedom with a fine-tuned potential can be adjusted to yield a late-time acceleration tracking dark matter. In alternative, investigators have invoked infrared modifications of general relativity, for instance f (R) or GaussBonnet gravity. While successful, many representatives in both classes of models suffer from fine tuning or other theoretical problems due to the introduction of new degrees of freedom.
In this work, we take a minimalistic approach to dark energy assuming no extra degrees of freedom except fermionic matter on a flat Friedmann-Lemaître-RobertsonWalker (FLRW) background. A finite density of fermions in the early universe can undergo a Bardeen-Cooper-Schrieffer (BCS) condensation due to a covariant attractive channel from general relativity. The system is described by a set of transcendental equations that give relations between the scale factor, the fermion gap and the chemical potential. It was already shown in [4, 5] and [6] that such a BCS condensate can play an important role in the early universe by resolving the big bang singularity via a bounce. Remarkably, we find that depending upon some of the parameters of the theory, the same condensate can also affect the history of the universe at late times. In this paper we will show that the renormalized potential of the fermion gap can lead to late-time acceleration. This is achieved by extending the analysis of [6] , which applied near a cosmological bounce where the gap equation could be obtained in a Minkowski spacetime. Here we work on a FLRW background and consider the evolution of the universe from the bounce on. As a consistency check, we obtain gap equations similar 2 to those in [6] and reproduce the same bouncing cosmology. A mechanism of fermion condensation was argued to be relevant to dark energy also in [7] and [8] (see also [9, 10] ); for another approach describing fermions and condensates on FLRW spacetimes, see [11, 12, 13] .
The paper is organized as follows. In section 2 we introduce the BCS mechanism on a FLRW background and derive the effective equations of motion. This section is a little technical and the reader mostly interested in the cosmology can skip ahead to section 3, where we classify the cosmological solutions and find numerical examples which accelerate at late times. Section 4 is devoted to discussion.
Cosmological BCS theory
We use Greek indices µ, ν, · · · = 0, . . . , 3 for spacetime directions in a non-degenerate manifold M (with signature −+++) and capital Latin indices I, J, · · · = 0, . . . , 3 for the internal Lorentzian tangent space T M . Spatial directions on M and T M will be denoted as a, b, c, . . . and i, j, k, . . . , respectively. Dotted and undotted indicesα, α label spinor components. We work in units = c = G = 1.
We begin by studying the cosmology of first-order general relativity covariantly coupled to Dirac fermions. In such a system a four-fermion interaction emerges when we solve for the torsion. In what follows, we show that this interaction in a FLRW background realizes a BCS condensate whose potential generically leads to late-time acceleration.
Fermions in FLRW background
Let us start by considering pure general relativity described by the Holst action [14] . Afterwards we sketch how the attractive four-fermion interaction emerges after solving for the torsion. The action on a curved manifold M is is the metric-compatible, torsion-free spin connection.
The story changes when we covariantly couple chiral fermions to the gravitational action. The Dirac action for fermions ψ is
where c.c. denotes the complex conjugate and the covariant derivative is defined as
where
and
are the Lorentz generators for spinors. γ I are the usual Dirac matrices in Weyl (chiral) basis,
where σ I = (I, −σ i ),σ I = (I, σ i ) and σ i are the Pauli matrices:
The equation of motion for the total action S H +S D are solved in terms of a connection A IJ µ having two contributions [15, 16, 17] , the torsion-free spin connection and a torsion term related to the axial fermion current
is the tetrad projection of the contortion tensor,
Square brackets denote antisymmetrization,
On solving for C IJ µ in terms of the fermionic field and inserting the resulting expression for A IJ µ in the total action, one obtains the four-fermion interaction (see the appendix for a detailed derivation)
where J I 5 =ψγ 5 γ I ψ is the axial current. Note that a tetrad-based formalism is essential for the inclusion of fermions in the theory, since Dirac spinors live naturally in SU (2) . Therefore, the fermionic action is now 
the vielbein is given by
where a(t) is the scale factor. The only non-zero structure functions and spin connections ω IJK are
where H ≡ȧ/a is the Hubble parameter. Then,
Above we have assumed the gravitational action to be the usual Holst action. However, when torsion is present (for instance, when it is generated by fermions or a spacetime-dependent Barbero-Immirzi field [18, 19, 20, 21, 22] ), it is natural to include it explicitly in the fundamental action, so that the Holst term is completed by a torsion-torsion piece to form the Nieh-Yan invariant [17, 23] .
There are several other reasons why to prefer the latter alternative. A second motivation is that the Holst term is not topological and vanishes on half-shell, while one would expect to define the theory with topological contributions. Third, although mathematically correct the Holst derivation does not respect the usual decomposition of torsion into its Lorentz irreducible components, and its trace part (a polar internal vector) turns out to be proportional to the axial current [17] (see equation (A.8)). In the Nieh-Yan case, the coupling M 2 = 2/(3π) no longer depends on the Barbero-Immirzi parameter. In either case the bare coupling is M 1. As we will regard it as renormalized in the effective theory, our results will not be sensitive to the form of the classically vanishing part of the action.
Weyl decomposition
We are now ready to quantize the fermions on a FLRW spacetime. Since
the Dirac Lagrangian Weyl basis is
Just as in the case of Minkowski spacetime, it is convenient to decompose the fermions into two-components Weyl spinors,
so that
One can also write the action in terms of left-handed Weyl spinors but there is now an extra term coming from the integration by parts (integration domain omitted from now on):
since the χ's are anti-commuting Grassmann fields,
and equation (2.18) yields 19) where ζ = χ † . The action is completely symmetric with respect to the particle and anti-particle Weyl spinors, ξ ↔ ζ. In other words, the expansion of the universe does not distinguish between particles and anti-particles.
Moreover, since FLRW is conformally flat and the action is first-order in time derivatives, the latter reduces to the Minkowski action. To see this, let us first perform the conformal rescaling
Then,
Next we introduce the Fourier transforms
In terms of the Fourier components, the action becomes
Thus, the Dirac action in momentum space reads
BCS condensation
A simple and physically transparent way to understand the condensation mechanism is to introduce auxiliary scalar (gap) fields, which are proportional to the fermionic bilinears. The gap equation is then derived by integrating out the fundamental fermionic degrees of freedom. Our starting point is the four-fermion interaction term
This term can be decomposed into a scalar, pseudo-scalar and vector interactions using the Fierz identity
The last term is the higher-energy p-wave channel and we, as such, are going to ignore it. For simplicity, we will also drop the pseudo-scalar condensate and only focus on the scalar one. Thus, our interaction reduces to 26) where in the second equality we have introduced the auxiliary scalar ∆, which acts like a mass term for the fermions. For an FLRW background (spinorial indices restored),
It is clear that a non-zero value for the auxiliary field ∆ ∼ψψ would signal a (cosmological) BCS-like condensation. In order to find such a non-trivial value for ∆, one can take recourse to a mean-field approximation where the gap ∆ is treated as a constant. With the same procedure of the last subsection, the mass term in momentum space is
where ξ = ξ α and ζ = ζ α . The above can be written in four-component notation as
where A p is a 4 × 4 matrix given by
At this point we introduce a chemical potential µ in the action, which corresponds to having a non-zero number density of fermions. The matrix A p is now modified to
The condition µ < 0 corresponds to a Bose-Einstein condensation of composite bosons.
Effective action
The resulting quantum theory is encoded into the path integral
where we have integrated the Grassmann fields, defined the effective action S eff (often referred to as Γ in quantum field theory literature) and approximated the functional integral by the saddle point (mean-field approximation [24] ). The effective action S eff can be evaluated by performing the Gaussian integrals in terms of the fermionic coordinates. As usual, one ends up with a fermionic determinant. Eventually we have (see, e.g., [24, 25] )
The determinant of A p can be straightforwardly computed: 35) where ∆ is the auxiliary field at the saddle point. This expression is not Lorentz covariant, as expected. Accordingly, we are left computing
The integral I 1 is
To get I 2 , one has to simply replace µ ↔ −µ in I 1 . The second integral in I 1 cancels the second in I 2 and we are left with
The above integral can be regulated using the following formula ∞ 0 dp p
Let us choose B = −1/2 + ε. Then we have (A = 2 and A = 0)
We expand up to O(ε) to obtain the effective action. Using expansion formulae such as
where γ ≈ 0.5772 is the Euler-Mascheroni constant, we have
Thus, the effective potential is given by
In a renormalizable theory, the 1/ε divergence can be absorbed using renormalization conditions. The four-fermion interaction term is non-renormalizable and therefore cannot be eliminated. A standard approach is to interpret the regularization parameter in terms of a physical cutoff scale λ, 1/ε ∼ ln λ 2 , such that λ remains finite. Here we just take a phenomenological approach and encode this arbitrariness, intrinsic to the model, in an O(1) ÷ O(10 2 ) free parameter:
To summarize, the effective potential is
As already mentioned, the bare mass M is O(1) or larger. However, equation (2.44) can be obtained also via a different regularization procedure which renormalizes the couplings of the theory [6, 24] . This suggests that also M can be treated as a free parameter. It shall be our attitude in what follows.
It is clear that the above potential has a minimum at ∂V eff /∂∆ = 0 given by the gap equation
If M is constant, this equation univocally specifies ∆ as a spacetime function. It is useful to check that we recover the usual behavior of the gap in the weak-coupling BCS limit [24, 25] , where the fermion gas is diluted. For ∆ ≪ µ, equation (2.45) tells us that
which is the familiar exponential suppression of the gap.
The potential at the minimum is
However, the potential energy that we have calculated includes the contribution from the chemical potential as well. The total number n 0 of fermions is given by [24] 
Assuming the system lies at the minimum of the potential, the total gap energy density of the fluid is given by
(2.49)
Cosmological solutions
In order to obtain the cosmological evolution one has to supplement the gap equation (2.45) and the equation determining the chemical potential (2.48) with the Friedmann equation
where ρ m is any additional matter component. These three expressions (plus the continuity equation for ρ m ) determine the evolution of the three unknown quantities ∆(t), µ(t), a(t). In practice, these transcendental equations are not analytically tractable in their full generality. However, one can solve them in some limiting regimes which can qualitatively capture the basic cosmological evolution. We will now focus on these regimes. In the next subsection we will present numerical details.
Analytical treatment

Dark radiation (early times)
To begin with, it is important to see whether the evolution of the gap and the chemical potential at early times can be consistent with the usual matter/radiation dominated decelerating universe. To answer this question, let us look into the limiting case M ≪ |µ|, ∆ and N ≫ 1 (later we motivate the last condition phenomenologically). The gap equation simplifies to
The energy density of the gap (2.49) becomes
One can also determine the approximate behavior of the energy density with respect to the scale factor. From equation (2.48), we find that µ must be negative and 4) or approximately (if ∆ varies slowly)
In other words, the gap energy density behaves approximately as negative radiation.
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This fact was already pointed out in [6] . It is also clear that the gap energy density violates the null energy condition 4 and this property was exploited in [6] to resolve the big bang singularity via a non-singular bounce, as long as the equation of state of ordinary matter is w < 1/3.
de Sitter phase (late times)
It is relatively easy to see how a late-time de Sitter phase can emerge from the system of cosmological equations. If |µ| ≪ ∆, the gap equation reduces to (µ < 0 in order to have n > 0) 2π
while the total energy density is given by
First, we observe that the solution to the above equation always has ρ gap > 0, and therefore corresponds to a de Sitter regime as ∆ approaches the constant value given by equation (3.6) . This can be seen by rewriting equation (3.7) as
We are specifically interested to see whether we can explain the present dark energy driven acceleration. For this we require (we temporarily restore energy units) ρ gap ∼ (meV) 4 ⇒ ∆ ∼ meV. When can we have such small vev for ∆? First of all ∆ ∼ meV corresponds to ln ∆ 2 ≈ −140. Since M 2 > 0 (3.6) tells us that N > 140. Further, from (3.6) it is easy to see that there are two different regimes in the parameter space (M, N) when we can get a small vev for ∆. If M ∼ meV and 140 < N < 10 3 , the solution corresponds to ∆ ∼ M ∼ meV. A second possibility is to consider M ≪ meV and N ∼ 140. In this case we have ∆ ∼ e −N/2 ∼ meV. In any case, the relevant range of parameters corresponds to large N and strong coupling regime,
At this point one may be concerned about the tiny value of M that is required to account for dark energy. Indeed, naturalness argument would suggest M ∼ 1 (Planck scale). We first point out that the M appearing in the effective potential (2.44) is the renormalized mass (see [6] for a more detailed discussion), and therefore in general it can be different from the bare coupling mass in equation (2.10). Nonetheless, since we have not enough input to predict the scale at which condensation takes place, for the time being we must content ourselves to notice that a tiny value of M may be very compelling phenomenologically. In fact, the same gap ∆ ∼ M may also be able to account for neutrino oscillations which, as is well known, happen at the same mass scale as dark energy [29] .
The cosmological evolution of the gap energy is now clear. 'Initially,' ∆ ∼ µ ≫ M, and the gap energy behaves as negative dark radiation. Provided the very early universe is dominated by an energy density component which redshifts slower than radiation (w < 1/3), such as during inflation (w ≈ −1) or a stringy thermal phase [30, 31, 32, 33, 34] (w ≈ 0), the negative gap energy ensures the existence of a non-singular bounce point where the gap energy density precisely cancels that of ordinary matter. After the bounce, the gap energy density redshifts away faster than regular matter and remains subdominant as compared to ordinary matter/radiation. Thus we can have the usual decelerating phase of the standard cosmological model. However, once ∆ ∼ µ ∼ M, we gradually fall into the constant gap regime discussed above, where ∆ ∼ M ≫ µ. Once the matter energy density drops down to ρ m ∼ M 4 , we enter the present dark energy dominated de Sitter phase.
Numerical Explorations
We will now verify numerically that we indeed obtain the late-time cosmology discussed above, and in particular undergo a transition from an early decelerating to a late accelerating phase. To this purpose we define
The gap equation becomes
From equation (2.48) one obtains
Without loss of generality we fix n 0 = 1/(2π 2 ). Inverting with respect to µ, 12) while the gap density is given by
The chemical potential is negative as long as φ > −1 and N > 0. Assuming thaṫ φ > 0 (the gap ∆ decreases in time) |µ| decreases as well, as we shall see later.
Plugging equation (3.12) in (3.10) and solving for the scale factor, one gets
where we chose the real positive root. By numerically inverting (3.14) we can identify two disconnected branches for φ(a) as depicted in fig.1 .
(A) A branch confined within the interval −∞ < φ < φ A , where φ A solves the equation
(B) A branch confined within the interval φ B ≡ N + 2 < φ < +∞.
From equation (2.48), we also observe that while in branch (A) µ < 0, in the (B) branch µ > 0. This suggests that while branch (A) is relevant for strong coupling and BCS condensation, branch (B) describes solutions in the weak coupling regime where the gap is exponentially suppressed with respect to the chemical potential.
In order to see why we obtain such disconnected branches, let us differentiate equation (3.14) with respect to time. We find
These branches are separated by a singularity since the Hubble rate diverges as φ → φ A or φ → φ B . As φ A < N + 1 < φ B , we cannot go from one to the other. Thus, identifying the relevant branch is important for the choice of initial conditions, as well as the ensuing cosmology. Figure 1 shows how the branches change with respect to M and N: M determines φ A and the increase rate of the scale factor, while N determines only φ A and φ B . This is reassuring as the parameter N is arbitrary and its role is just a φ translation, although its actual value does determine the physical scale of ρ gap .
Since we are interested in the (A) branch with negative chemical potential representing the BCS condensation phase, we shall evolve the equations of motion from initial conditions typical of this branch. For the extra matter component we consider non-relativistic dust, for the purpose of illustration. Thus we set ρ m = a −3 , M = 0 (strong coupling) and N = 0. These values will not correspond to the observed universe but they will capture the qualitative features of the dark energy solution. The acceleration of the universe is encoded in the first slow-roll parameter
ǫ > 1 corresponds to a decelerating universe, while ǫ < 1 signals acceleration, if the universe expands.
In figure 2 we show the evolution of the gap and its energy density in synchronous time. As φ → 1, ∆ → e −1/2 ≈ 0.6065. The gap ∆ decreases in time, so that the difference between the Fermi sea energy and the true vacuum of the theory becomes negligible. Initially, in the decelerating phase |µ| ∼ ∆ as we expected from analytical arguments. However, at later times, µ → 0 − , meaning that the density of Cooper pairs (which is positive, consistently) decreases; this is because the formation of pairs become less and less favorable. This is also as we had argued analytically. Initially ρ gap < 0 and the matter contribution dominates. The gap density, however, increases in time and eventually (after having changed sign) dominates over dust. When this happens we enter the late-time asymptotic de Sitter phase.
The evolution of the scale factor and its derivatives is plotted in figure 3 . At early times the universe is dominated by the pressureless matter component ρ m and in fact a ∼ t 1/ǫ , where ǫ ∼ 3(1 + w)/2 ∼ 3/2. As one can see from the last plot, acceleration is triggered when ρ gap ∼ ρ m but slightly before ρ gap > ρ m . When radiation is also added, we have checked that the early-time behavior changes accordingly, ǫ ∼ 2, but the overall picture remains the same.
Discussion
In this paper we have proposed a mechanism realizing late-time cosmic acceleration due to the possibility that fermions can condense in the very early universe. We have shown that all of the necessary conditions for condensation exist, including a covariant attractive four-fermion interaction. By analyzing the transcendental equation relating the gap and the scale factor we discovered that at late times the contribution of the gap energy drives a phase of acceleration. The details of the model depend on the regularization scheme and the value of the couplings, but the emerging qualitative picture is robust.
There are several issues we have not considered. Since the fermion interaction is nonrenormalizable, the "regularization parameter" N of the effective theory is assumed to be physical and therefore should ultimately be motivated by the fundamental microscopic theory Also, we have assumed N to be a constant. A possibility we leave for future study is to allow for a time-varying N(t) or coupling M(t). For instance, previous literature [11, 12, 35] have considered different choices for a "physical cutoff", λ = µ or λ = H, which would correspond to having a time varying N. This may lead to interesting situations, including the possibility of not having to tune M to the very tiny meV .
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In order to verify the robustness and observational validity of the rich cosmological picture we presented here, future studies will have to go into greater detail in the analysis of the parameter space and initial conditions. It is promising that the same condensation mechanism can solve the big bang singularity and the dark energy problem. We end by pointing out that the dark energy scenario presented above has some distinctive observational features. For instance, depending upon the detailed history of the early universe the "negative" dark radiation-like gap energy may be detectable at BBN and CMB [42, 43] . Also, there is a most encouraging possibility of linking the scenario with neutrino physics [29] , as mentioned earlier. The ambiguity in the choice of the cutoff is not dissimilar to the one entailed in modern and inequivalent formulations of loop quantum cosmology [36, 37] . There, one can choose the kinematical area of the elementary holonomy to be fixed in time and equal to the Planck area (improved quantization scheme [38] ), or else make it dynamical as in lattice refinement models [39, 40, 41] , which corresponds to probing geometry with a time-dependent microscope.
Variation of the Holst action with respect to the connection yields 
